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ON KUIPER’S CONJECTURE 


THOMAS E. CECIL, QUO-SHIN CHI, AND GARY R. JENSEN 


Abstract. We prove that any connected proper Dupin hypersur¬ 
face in R" is analytic algebraic and is an open subset of a connected 
component of an irreducible algebraic set. We prove the same re¬ 
sult for any connected non-proper Dupin hypersurface in R" that 
satisfies a certain finiteness condition. Hence any taut submani¬ 
fold M in R", whose tube Mg satisfies this finiteness condition, is 
analytic algebraic and is a connected component of an irreducible 
algebraic set. In particular, we prove that every taut submanifold 
of dimension m < 4 is algebraic. 


1. Introduction 

An embedding / of a compact, connected manifold M into Euclidean 
space R"’ is taut if there is a field F such that every nondegenerate 
(Morse) Euclidean distance function, 

LpiM^R, Lp{x)=d{f{x),pf, peR\ 

has f3{M,F) critical points on M, where (3{M,F) is the sum of the 
F-Betti numbers of M. That is, Lp is a perfect Morse function on M. 

We can also consider taut embeddings into S'”, in which case we use 
spherical distance functions instead of Euclidean distance functions. 
Tautness is preserved by stereographic projection, and so the theories 
in the two ambient spaces are essentially the same, and we will use 
whichever is most appropriate for the particular question at hand. 

Examples of taut submanifolds are metric spheres, cyclides of Dupin 
(Banchoff [T]), isoparametric hypersurfaces in spheres (Cecil-Ryan [3]) 
isoparametric submanifolds of higher codimension (Terng [25]); 
compact proper Dupin hypersurfaces (Thorbergsson [27]b 
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In a paper published in 1984, Kuiper ra asked whether ah taut 
submanifolds of R" must be real algebraic. The affirmative answer 
to this question is now known as Kuiper’s Conjecture. In the 1980’s, 
Kuiper’s Conjecture was widely thought to be true, but a proof was 
never published. In particular, in 1984 Ulrich Pinkall sent a sketch ini 
of a proof that proper Dupin hypersurfaces are algebraic in a letter to 
Tom Cecil, and we wish to thank Professor Pinkall for allowing us to 
use his approach to the problem in our work in this paper. 

Pinkah’s sketch led us to the local parametrization fIS.lUp of a gen¬ 
eral proper Dupin hypersurface. We then used ideas from real algebraic 
geometry to show that a connected proper Dupin hypersurface is con¬ 
tained in a connected component of an irreducible algebraic subset of 
There are still issues to be resolved to prove Kuiper’s Conjec¬ 
ture, however, because arbitrary taut submanifolds are Dupin, but not 
necessarily proper Dupin. 

In this paper, we prove Kuiper’s Conjecture for manifolds of dimen¬ 
sion m < 4, and we provide a criterion for algebraicity that may be 
useful in proving the conjecture in its entirety. We now discuss the 
problem in more detail. 

Let M be an immersed hypersurface in R” or the unit sphere S'" in 
R"+L A curvature surface of M is a smooth connected submanifold 
S such that for each point x E S, the tangent space T^S is equal to a 
principal space of the shape operator A of M at x. The hypersurface 
M is said to be Dupin if it satishes the condition 

(a) along each curvature surface, the corresponding principal cur¬ 
vature is constant. 

The hypersurface M is called proper Dupin if, in addition to condition 
(a), it also satishes the condition 

(b) the number g of distinct principal curvatures is constant on M. 

Since both of these conditions are invariant under conformal transfor¬ 
mations, stereographic projection allows us to consider our hypersur¬ 
faces in R" or S'", whichever is more convenient. 

A primary result in this paper, contained in Theorem [21] and Corol¬ 
lary 1321 is a proof that any connected proper Dupin hypersurface M 
in R" is analytic algebraic and thus is an open subset of a connected 
component of an irreducible algebraic set in R". If M is complete, then 
it equals the connected component. 

Pinkall [19] extended the notions of Dupin and proper Dupin to sub¬ 
manifolds M of R" of codimension greater than one. In that case, the 
principal curvatures are dehned on the unit normal bundle UN{M) of 
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M in R”. Using Pinkall’s definition, one can show that a submanifold 
M of of codimension greater than one is proper Dupin if and only 
if a tube over M of sufficiently small radius is a proper Dupin 

hypersurface. Since algebraicity is also preserved by the tube con¬ 
struction, Theorem [3T] also implies that a proper Dupin submanifold 
of arbitrary codimension in R"^ is algebraic. 

These results can also be extended to non-proper Dupin hypersur¬ 
faces that satisfy what we call the local hniteness property (see Def¬ 
inition [31]), which, for example, is implied by the condition that any 
point not in the open dense subset Q on which the multiplicities of 
the principal curvatures are locally constant has a neighborhood that 
intersects Q in only hnitely many components. To our knowledge, this 
local hniteness property is satished by all known examples of Dupin 
hypersurfaces. 

Thorbergsson [27j proved that a compact proper Dupin hypersurface 
embedded in R'^ is taut. Thus, our Theorem l3T] shows that these taut 
hypersurfaces are algebraic. Conversely, every taut submanifold in R” 
is Dupin (see Miyaoka [H] for hypersurfaces and Pinkall [13] in general), 
but not necessarily proper Dupin (see Pinkall [IB])- In [IS|, Pinkall also 
showed that the tube of radius e around an embedded compact 
submanifold M of R" is Z 2 -taut if and only if M is Z 2 -taut. (The held 
F = Z 2 has proven to work well in the theory of taut submanifolds, 
and we will use it exclusively in this paper.) 

In Theorem [371 we prove: If M is a compact taut submanifold of 
R" such that the tube over M, which is Dupin, satishes the local 
hniteness property, then M is an analytic submanifold and a connected 
component of an irreducible algebraic subset of R"^. The proof of this 
theorem shows that the conclusion holds for any analytic taut subman¬ 
ifold M, without the need to assume the local hniteness property on 
M,. 

In Section [71 we develop the theory of Alexander cohomology, in con¬ 
junction with the notion of ends, for noncompact manifolds needed in 
Section [HI to prove that any taut submanifold of dimension 3 or 4 sat¬ 
ishes the local hniteness property given in Theorem [HT] and is therefore 
algebraic. A key step in this approach is to show that the complement 
Z of the focal set JF of a taut hypersurface M in S'” is connected, and 
that the normal exponential map E from the normal bundle of M to S” 
restricts to a hnite covering map on E~^{Z). These results, together 
with the classihcations of taut submanifolds of dimensions one and two 
due to Banchoh [T], show that Kuiper’s Conjecture is true for taut 
submanifolds of dimension m < 4 (Theorem [65]). This approach may 
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have applications to higher dimensional taut submanifolds, although 
we have not been able to extend it further at this time. 

The paper is organized as follows. Section [2] outlines the facts needed 
about algebraic and semi-algebraic subsets of R"" and explains that 
Nash functions are the same as analytic algebraic functions. Our prin¬ 
cipal algebraic tool is contained in Lemma [TTl which states that if a 
connected analytic submanifold M C contains a connected open 
subset that is a semi-algebraic subset of R'^, then M is an open subset 
of a connected component of an irreducible algebraic set. 

Section [3] outlines how to calculate the center and radius of a spher¬ 
ical curvature surface in terms of the mean curvature normal. 

In Section m we present the facts needed about jet spaces and show 
that the curvature surface through a point for a principal curvature 
of constant multiplicity is determined by the 3-jet at the point of the 
embedding. 

The proof of Theorem [3T] showing that proper Dupin hypersurfaces 
are algebraic is contained in Section O 

In Section [HI we dehne the local hniteness property and extend the 
results of Section [3] to any connected Dupin hypersurface possessing 
this hniteness property. We then prove Theorem [37] concerning taut 
submanifolds mentioned above. 

Finally, in Section (TJ we develop the theory of Alexander cohomology 
and ends for noncompact manifolds, and in Section [HI we prove that 
any taut submanifold of dimension m < 4 in R"^ is algebraic. 

2. Algebraic Preliminaries 

In this section we briehy review the material we need in real algebraic 
geometry, referring for details to the book by Bochnak, et ah [3]. 

Let R[Wi,..., X„] denote the ring of all real polynomials in n vari¬ 
ables. If B is any subset of this ring, we denote the set of zeros of B 
by 

Z{B) = {xER^:WfeB, fix) = 0}. 

Definition 1. An algebraic subset of R" is the set of zeros of some 
RcR[Xi,...,X„]. 

Given any subset S of R”, the set of all polynomials vanishing on S, 
denoted 

liS) = {fe R[Xi, ...,X^]:WxeS, fix) = 0}, 

is an ideal of R[Xi,..., X„]. Ideals of the ring of real polynomials are 
hnitely generated, which implies that for any algebraic set V of R"^, 
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there exists a polynomial / G R[Xi,... ,X„] such that V = Z{f). In 
fact, if /i,..., fm generate X(l/), take 

Definition 2. A semi-algebraic subset of R” is one which is a hnite 
union of sets of the form 

r\j{x G R"' : Fj{x) * 0}, 

where * is either < or =, Fj G R[Xi,... ,X„], and the intersection is 
hnite. {Fj < 0 is just —Fj > 0. So there is no need to introduce > in 
the dehnition.) 

All algebraic sets are certainly semi-algebraic, and R" itself is given 
by the null relation. Another simple example popular in calculus is 

{{x,y) : y - 1 + x^ < 0} n {{x,y) : x^ - y < 0}, 

the area enclosed by the two parabolas. 

It follows from the dehnition that the complement of a semi-algebraic 
set is semi-algebraic, and hence a semi-algebraic set take away another 
semi-algebraic set leaves a semi-algebraic set. 

The following result is proved in [3[ Theorem 2.21, p. 26]. 

Proposition 3. The projection tt : R” —> R^ sending x G R” to its 
first k coordinates maps a semi-algebraic set to a semi-algebraic set. 

In particular, even though a linear projection does not map an al¬ 
gebraic set to an algebraic set, in general, it does map it to a semi- 
algebraic set. 

Corollary 4. The (topological) closure and interior of a semi-algebraic 
set are semi-algebraic. 

A proof is given in [51 Proposition 2.2.2, p. 27]. 

Definition 5. A map f : S G R" ^ R^ is semi-algebraic if its graph 
in R^ X R^ is a semi-algebraic set. 

Corollary 6. The image of a semi-algebraic map f : S G R"' ^ R^ is 
semi-algebraic, via the composition 

graph(/) C R" X R^ R^ 

where the last map is the projection onto the second summand. 

Definition 7. A Nash function is a semi-algebraic map from an 
open semi-algebraic subset of R" to R. 
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Definition 8. A real analytic function / defined on an open semi- 
algebraic subset U of R” is analytic algebraic if it is a solution of a 
polynomial equation on U of the form, 

(2.1) aoix)f{x) + ai{x)f~^{x) H-h a,(a:) = 0, 

where ao{x) ^ 0,ai{x), ■ ■ ■ , as{x) are polynomials over R"'. 

A signihcant result in the subject is that these two concepts are 
equivalent (see |3l Proposition 8.1.8, p. 165]). 

Proposition 9. A function is Nash if and only if it is analytic alge¬ 
braic. 


The following example will be useful to us later in the paper. 


Example 10. For any number e satisfying 0 < e < 1, the open ball 

(2.2) B^{e) = {s = {s\ :\s\ < e} 


is an open semi-algebraic subset of R”. The function 

(2.3) = Vl - kP 

on is analytic algebraic, since (s°(a:))^ -|- ao(x) = 0 on R"'(e), 

where ao(x) is the polynomial |sp — 1 on R"". Partial derivatives of all 
orders of are analytic algebraic. In fact, an elementary calculation 
and induction argument shows that if Di denotes the partial derivative 
with respect to s\ then 


A1...4S 


akjs) 

(_g0)m 


where 0 ^( 5 ) is a polynomial on R” and m is a positive integer. There¬ 
fore, 

(s°)^”"(Ai...4'5°)^ - ak{sf = 0 

is an equation of the form fl2.ll) . since (s°)^ is a polynomial on R". 


A slight generalization of the single-variable case in [3[ Proposition 
2.9.1, p. 54], shows that the partial derivatives of any Nash function 
are again Nash functions. 


Proposition 11. Let f be a Nash function defined on a connected 
semi-algebraic open set U in R” . Then a partial derivative of f of any 
order with respect to x = {x^, - ■ ■ ,x"‘) G R” is again a Nash function 
on U. 


Definition 12. Let S' be a semi-algebraic subset of R"". The dimension 
of S', denoted dim S', is the dimension of the ring R = R[x^, • • • , x"]/X(S'), 
which is the maximal length of chains of prime ideals of R. 
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In [31 Proposition 2.8.14, p. 54] it is proved that 

Proposition 13. If S is a semi-algebraic subset of R” that is a C°° 
submanifold o/R” of dimension d, then dimS = d. 

We denote the topological closure of S by 5''^°^. Denote the Zariski 
closure of S' by S' .It is the smallest algebraic set containing S', so 

S'"' = 

The following plays a central role in our arguments to follow (see [31 
Proposition 2.8.2, p. 50]). 

Proposition 14. If S is a semi-algebraic subset o/R”, then 
dimb = dim[b ) = dim{b j. 

Definition 15. An algebraic set V in R'^ is irreducible if, whenever 

V = Fi U F 2 , where Fi and F 2 are algebraic sets, then V = Fi or 

V = F2. 

The following facts are in [31 Theorem 2.8.3, p. 50]: Every algebraic 
set V is the union, in a unique way, of a hnite number of irreducible 
algebraic sets Pi,...,!/^, such that p is not a subset of for 

i = 1,... ,p. The Vi are the irreducible components of V and 

dim V = max (dim Pi,..., dim Vp). 

An algebraic set P C R*^ is irreducible if and only if the ideal X(P) is 
prime. 

Remark 16. Let X be an irreducible real algebraic set in R"^. By [3], 
X can be successively blown up to reach its desingularization X*. Let 
TT : X* —X be the projection. Then the proper transform of X in X*, 
that is, the Zariski closure of the preimage of X with its singular set 
removed, is a smooth algebraic set with disjoint smooth connected (al¬ 
gebraic) components X]",..., X*, whose projections in X are called the 
connected components of X. We will show these connected components 
are semi-algebraic as follows. 

Xl,...,X* are exactly the irreducible components of the proper 
transform of X under vr. The morphism vr is algebraic. Hence it maps 
the algebraic sets X* to the connected components of X, which are 
therefore semi-algebraic. Note that the proper transform itself is not 
affine, but we can always cover it by a hnite number of affine charts 
and then proceed with our arguments in each chart and take a hnite 
union. 

That the connected components of X are closed follows from the fact 
that TT is a proper map. 
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A real irreducible algebraic set may have several connected compo¬ 
nents of varying dimensions. A good example is a degenerate torus 
given by 

y‘^ = x‘^{x — 1 ). 

The solution set is irreducible since the polynomial is. This irreducible 
algebraic set consists of two connected components. One is the curve 
that opens toward positive inhnity, with vertex at (1,0). The other is 
{( 0 , 0 )}. 

The name connected component is standard in real algebraic geom¬ 
etry, but we should realize that these are not always the connected 
components in the topological sense. For example, the irreducible al¬ 
gebraic set known as the Cartan umbrella (see [3l pp. 60-61]). 

z{x‘^ + y‘^) — x^ = 0 

is topologically connected, but has two connected components: the 
surface 2 ; = x^l{x^ -|- y^') (including the origin) and the 2 ;-axis. 

If an irreducible algebraic set X in contains a connected analytic 
hypersurface M in then M must be an open subset of one of the 
connected components of X. If M is closed, then it must be the whole 
connected component. 

We can now prove our principal algebraic tool. 

Lemma 17. Let M C R"" be a connected analytic submanifold and 
let U <Z M be a connected open subset of M. If U is a semi-algebraic 
subset of R”, then M is an open subset of a connected component of 
the irreducible algebraic set U . 

Proof. The Zariski closure of U is irreducible, because = 

T{U) is a prime ideal. In fact, suppose / and g are polynomials such 
that fg G 1{U). If / ^ ^{U), then there exists a point p ^ U such that 
f{p) 7 ^ 0. By continuity, there exists an open subset O of U, containing 
p, on which / is never zero. But fg is identically zero on O, so g must 
be identically zero on O. Since O is an open subset of U, and since g 
is an analytic function on U, it follows that g is identically zero on the 
connected set U, that is, g G 1{U). 

By the same sort of argument, if / G I{U), then / is an analytic 
function on M, identically zero on the open subset U, so must be 
identically zero on M. Hence M C Z{I{U)) = . □ 

Definition 18. A semi-algebraic subset M of R™ is a Nash submani¬ 
fold of R™' of dimension n if for every point p of M, there exists a Nash 
diffeomorphism from an open semi-algebraic neighborhood U of the 
origin in R'" into an open semi-algebraic neighborhood V of p in R™ 
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such that '^(0) = p and x {0}) HU) = M DV. Here, by a Nash 

diffeomorphism -0 we mean the coordinate functions of '0 and 'ip~^ are 
Nash functions. 

Definition 19. Let M be a Nash submanifold of R”^. A mapping 
/:M^R is a Nash mapping if it is semi-algebraic, and for every 
in the preceding dehnition, / o -^iRnnc/ is a Nash function. 

Semi-algebraic subsets of R” are, in a sense, piecewise algebraically 
analytic. This is made precise in the following result (see [3l Proposi¬ 
tion 2.9.0, p. 57]). 

Proposition 20. Let S be a semi-algebraic subset o/R”. Then S is 
the disjoint union of a finite number of Nash submanifolds M* of R", 
each Nash diffeomorphic to an open cube (0, 

The following lemma is a kind of converse to Lemma [T71 in that it 
implies that if a submanifold of R" is contained in an irre¬ 
ducible algebraic subset of dimension d in R"^, then t/ is a real analytic 
submanifold. 

Lemma 21. Let X be a closed semi-algebraic subset o/R" of dimen¬ 
sion d. If there is an open set U of X such that U is a C°° submanifold 
of dimension d in R"", then around each point p of U there is an open 
neighborhood B G U that is a semi-algebraic subset o/R". 

Proof. By Proposition [201 ^ is the hnite disjoint union of Nash sub¬ 
manifolds, each Nash diffeomorphic to an open cube of some dimension. 
Let Ml,..., Mk be those Nash submanifolds of dimension d that inter¬ 
sect U. There are such Nash submanifolds, for otherwise, U would be 
contained in a hnite union of Nash submanifolds of smaller dimensions. 
Let Y be the topological closure of the union of Mi,..., M^. Then Y 
is semi-algebraic and Y G X. 

U is contained in Y, for otherwise, there would be a point z ^ U that 
is not in Y, so that ^ stays some distance away from Y. Therefore, 
there would be a small open ball D around z in U disjoint from Y, 
which would imply that D is contained in Nash manifolds of smaller 
dimensions, because Y contains all the Nash submanifolds of dimension 
d not disjoint from Lf. This is absurd. 

The part Y* where Y is not in Lf is closed. Since p & U, there is a 
nonzero shortest distance 6 from p to Y*. Choose a Euclidean ball B 
of radius 6' < 6 centered at p such that R fl 17 is a submanifold of R” 
diffeomorphic to a cube of dimension d, which is possible since 17 is a 
submanifold of R". 

We claim that B GiU = B (lY. It is clear that R fl 17 G B (lY since 
U G Y. Suppose w E B nY. Then w must be in 17, because otherwise 
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w eY*, SO that the distance from p to w would be > 6' and so w would 
not be in B, a contradiction. Hence, w E B (lU, proving the claim. 

Now that B n U = B CiY, we see that i? fl 17 on the one hand is 
diffeomorphic to an open cube of dimension d contained in U, and on 
the other hand it is semi-algebraic since so are B and Y. □ 

3. Mean curvature normal 

Definition 22. Following Cecil-Ryan [6l p. 140], we say that a sub¬ 
manifold X ; 17™' —> R"", for any m < n, is umhilic if there exists a linear 
map 01 ( 2 ,) : T^V R, for every x E V, such that for every Z E T^V, 
the shape operator 

(3.1) Bz:T^V^T^V is Bz = uj{Z)I. 

Let X, Cj, Cq be a first order frame held on an open set U G V along 
X, which means that the vector helds e*, for i = 1,... ,m, are tangent 
to x(17) and the e^, for a = m + 1,... ,n, are normal to x(17) at each 
point of U. Then 

(3.2) 

= dei = '^u}fej + '^u}“ea, <ie„ = 

i j a 3 0 

where the 1-forms = —uj^, for a, 6 = 1,..., n, and 

(3.3) = 5^ hdP 

hj 

for functions hfj = hf. Then 

(3.4) = = 5;; 

i i,j 

A normal vector is given by Z = so 

Oi 

Definition 23. The mean curvature normal vector held of x is the 
normal vector held on 17 

R = V(—trace Re Jea = — I ) Ca, 

a a \ i / 

which is independent of the choice of orthonormal frame in the 
normal bundle. 
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We see that x is umbilic if and only if Be^ = for some function 
h", for all a; that is, 

< = h^e\ 

for all i, a. When x is umbilic, then the mean curvature normal is 

a 

Let X : M"‘~^ —> R"" be a connected immersed hypersurface. Let ^ be 
a held of unit normals to x(M) dehned on an open subset U of M, and 
let A denote the shape operator corresponding to If the principal 
curvatures are ordered 

Kl(j5) < ■ • • < Kn-l(p) 

for each p E U, then the Ki are continuous functions on U (see Ryan 
m Lemma 2.1, p.271]). If a continuous principal curvature function k 
has constant multiplicity m on U, then k is smooth on U, as is its m- 
dimensional principal distribution of eigenvectors of A correspond¬ 
ing to the eigenvalue k (see Nomizu [15] or Singley [23|)- Furthermore, 
is integrable and we will refer to as the principal foliation corre¬ 
sponding to the principal curvature n. 

Proposition 24. Suppose x : R"' is a connected immersed 

hypersurface with a principal curvature function k of constant multi¬ 
plicity m. If m = 1, suppose further that n is constant on any leaf 
of the principal foliation of M. For any leafV^ ofT^, 

i). If K = 0 and dn = 0 at each point of V, then x(I/) is an open 
subset of an m-plane in R”. 

a). If K or dn is nonzero at some point ofV, then x(I/) is an open 
subset of an m-sphere in R” of radius 1/|R| and center at 

(3.5) x{po) + H{po)/\H\‘^, 

where po is any point in V and H is the mean curvature normal of 
x(I/"*) C R”. 

Proof. See [6l Theorem 4.5, pp. 140-141 and Theorem 4.8, pp. 145- 
147]. □ 

We shall need an explicit formula for the mean curvature vector H 
of V in Proposition [241 Let :s.,ei,ea,en be a hrst order frame held 
along X, for which Cn is a unit normal vector held, each vector held 
Ci G Tk, where i = 1,... ,m, and each vector held G Tf- C Ty_M, 
where a = m 1,... ,n — 1. Then dx = + 'Yua and 

= X]a=i and the shape operator : T^M —>• T^M satishes 
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Be^Ci = ACj, for all i, and Be„ea G spanje/?}, for all a, since i?e„ is 
self-adjoint. Bnt 

n—1 

(3.6) B,. = = + 

a=l i a 

where = Y^b=i ^abO’^- Therefore, 

(3.7) uj'i = Ke\ uji = Y,Kpe^^ 

0 

for all i, /d; that is, hia = h^i = 0, for all i, a. In addition, the {n — m — 
1) X (n — m — 1) symmetric matrix of fnnctions 

(3.8) C (Cq.)^) ij^afi ^^a/j) 

is non-singnlar at every point of V, so has inverse 

(3.9) c-i = (c“^). 

Set 

(3.10) dA = 

i a 

Under the hypothesis of Proposition [JU the a* = 0. The Aq, are the 
derivatives of k normal to the leaves of T^. At any point of a leaf U™ 
of Tf^, the mean cnrvatnre normal of V at the point is 

(3.11) H = 

a,0 


4. Jets 

Definition 25. Smooth maps f,g : M™' —> have the same fc-jet at 

p & M means f{p) = g{p) = q, and for any smooth cnrve 7 : R ^ M 
snch that 7(0) = p and any smooth fnnction F : N ^ H such that 
F{q) = 0, the derivatives 

(4.1) {F o f o 7)^-^^(0) = (F o g o 7)^'^^(0) 

for all j < k. This dehnes an equivalence relation on the set of smooth 
maps C°°{M,N). If / G N), denote its fc-jet at p G M by 

Jpif)- 

Proposition 26. ///,p G C°°{M,N), then jp{f) = jp{g) if and only 
if for any local coordinate charts U,x = , x^) about p in M and 

V,y = {y ^,..., p"') about f{p) = g{p) = q in N, all partial derivatives 

(4.2) Di^,„iJ°‘{p) = Ai...q5'“(p), for all j < k, a = 1,... 
where /“ = o / and g°‘ = y°‘ o g. 
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Proof. See [H pp. 20-22], 


□ 


If (p, q) E M X N, let 

(4.3) N) = : / e C“(M, N), f(p) = g], 

and let 


(4.4) J^(M, N) = U(p,,)eMxiv4,(M, N) 

for each whole number k. This space has a natural C'°° structure with 
projections 


jpif) jpif) 

A map / G C°°{M, N) dehnes a section 

P ^jpif)- 


(4.5) 


(4.6) 


N 

fip)- 


Lemma 27. For any f G C°°{M, N), and p G M, the jet jp~^'‘{f) G 
ji^+<-(^M,N) can be identified with jp{j\f)) G N)). 

Proof. Local coordinates in M and N determine local coordinates in 
J\M,N) (see |1|), and these give the local expression 

(4.7) f{f) = (p,/, Ai...u/), j < I- 

Then jp{j\f)) is given by the hrst k partial derivatives of these com¬ 
ponent functions at p, which are, ignoring redundancies, the hrst k -|- I 
partial derivatives of / at p. □ 


It seems justihed to abuse notation to express this lemma as 

(4.8) jp‘U) = j‘(i'(/)), 

for any / G N), and p G M. 


Remark 28. Let y : > R” be an immersed submanifold. Any hrst 

order frame held 


(4.9) y,ei,e„ 

along y, where e* are tangent, i = 1,... ,m, and Cq, are normal, a = 
m -|- 1,... n, is determined by the 1-jet jp(y) at each point p G Id. Now 

n 

dy = ^ dTi, dca = ^ 01 ^ 66 , a = 1,..., n, 

i 6=1 


(4.10) 
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SO the 1-forms 0* are determined by the 1-jet of y at each point and the 

1- forms are determined by the 2-jet of y at each point, since each 

Ca is determined by the 1-jet of y. Then 

(4.11) = 

j 

where the functions hfj = are determined by the 2-jet of y at each 
point. Hence, the shape operators fl3.4p are determined by the 2-jet of 
y at each point, and thus the shape operator Bz is determined by the 

2- jet of y, for any normal vector Z = z^'Ca- 

In terms of our hrst order frame held (14.91) on f/ C H, the character¬ 
istic polynomial of the shape operator of (13.41) is 

(4.12) F"(p, z) = det(h"(p) - zl), 

for p G H, z G C, where h“(p) = {hfj{p)) is the m x m symmetric 
matrix dehned in fl4.11l) . Thus, F{p,z) is a polynomial function of 
h" (p) and . 2 , and is determined by the 2-jet of y. The eigenvalues of 
Be^ are necessarily real, so can be arranged as 

(4.13) <(p) < ■■■ < <(p), 

for each p E U. These are the roots of F°‘{p,z). They are continuous 
functions on U (see Ryan Lemma 2.1, p. 271]). A slight variation 
on Ryan’s argument shows that if a" has constant multiplicity on 
U, for some i, then it is a rational function of the entries of on U. 
In particular, nf is determined by the 2-jet of y at each point, so its 
derivative dnf is determined by the 3-jet of y. 

Suppose now that x : —> R" is a hypersurface, so that we 

can drop the superscript a in the above notation. Suppose that a is 
a principal curvature of constant multiplicity m onU EL M. Then the 
functions Cap in fl3.8p and of fl3.9|) depend rationally on the 2-jet of x 
at each point and the normal derivatives dn^Ca) = Kq, depend rationally 
on the 3-jet of x at each point. Therefore, the mean curvature vector 
H in fl3.11l) depends rationally on the 3-jet of x at each point. 

5. Proper Dupin hypersurfaces are algebraic 

We are ready to prove that a proper Dupin hypersurface / : > 

R" is analytic algebraic in the sense that its differentiable structure has 
an analytic subatlas with respect to which the immersion into R" is 
analytic algebraic. It follows that each point of M is contained in an 
open neighborhood of M that is a semi-algebraic subset of R". From 
the analyticity and the semi-algebraic neighborhood we can conclude 
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that if M is connected, then it is an open subset of an irreducible 
algebraic set in R" of dimension n — 1. 

Suppose / has g principal curvatures ki, ..., Kg, with multiplicities 
mi,..., Trig. Let {!},..., {g} be a partition of the set {1,..., n — 1} 
into disjoint subsets for which the cardinality of {i} is the multiplicity 
rrii, for i = 1,... ,g. By Proposition [2ll for any point p G M, the 
curvature surface through p is either an open subset of a sphere 
of dimension m, in R"' or an open subset of a plane of dimension mj. 
Inversion in a sphere whose center does not he on the union of all 
these spheres and planes will transform all curvature surfaces of f{M) 
to open subsets of spheres. Thus, we may assume that all curvature 
surfaces of / are open subsets of spheres of the appropriate dimensions. 

Denote the center of the sphere of dimension m* containing the 
curvature surface through f{p) by 

(5.1) Ci{p) e R", 
and its radius by 

(5.2) ri{p) = \f{p) - Ci{p)\. 

By Proposition [21] and Remark [2H1 Cj(p) is determined by jp(/). If 
ea{p), for a G {i}, form an orthonormal basis of principal vectors for 
the principal curvature, then they are determined by jp{f)- 

Lemma 29. For any point p G M, there is an analytic algebraic 
parametrization of an open subset about f{p) of the curvature surface 
through f{p) given by 

(5.3) x(si) = Ci{p) + s-(si)(/(p) - Ci{p)) + ri{p) ^ s“ea(p), 

aG{j} 

where 

(5.4) s-(si) = Vl - 

for all Si in the open ball C R’^y for some number Ci satisfying 

0 < Ci < 1. The components of Si are denoted for each a G {i}, so 

= 1 - 5; 

aSji} 

The vectors Ci{p), f{p), and Caij)), for all a G {i}, are determined by 

fpif)- 

The proof is contained in Example [101 which shows that the map 
x(si) in fl5.3l) is algebraic analytic. This lemma is essentially showing 
that a sphere of any radius, dimension, and center in R"" is a Nash 
submanifold (see [H Dehnition 2.9.9, p. 57]). 
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Since the map x(sj) in (I5.3p is an embedding, there exists an embed¬ 
ding Xi : > M such that f{xi{si)) = x(sj), for all s* G 

Lemma 30. For any Si G B"^*{ei) in the parametrization ^5^, 
depends analytically algebraically on Si and on for any k > 0. 

Proof. For some <5 > 0, there exists y : B^~^~^^{5) ^ Y <Z M, an 
embedded submanifold through i/(0) = p transverse to the curvature 
surface through each of its points. Let Ci{y) be the center of the 
curvature surface through f{y). Let Cj, j = 1,..., n — 1, be a smooth 
orthonormal frame held of principal vectors on a neighborhood of p. 
For each y eY, 

(5.5) f{xi{si), y) = Ci{y) + s°(si)(/(i/) - Ci{y)) + ri{y) ^ s“e„(i/) 

ae{i} 

is a parametrization of a neighborhood of the F'^ curvature surface 
through f{y). Thus, for e* and 5 sufficiently small, (a;*, y) is a parametriza¬ 
tion of a neighborhood of p in M. 

From fl5.5p we see that the partial derivatives of / with respect to the 
Si variables at (sj,i/) depend on jfoy^if) and analytically algebraically 
on Si, since all partial derivatives of s°(si) are analytic algebraic (see 
Example flOD . Again from fl5.5p we see that the partial derivatives of 
/ with respect to the y variables at {si,y) depend analytically alge¬ 
braically on Si and on jlo^y){ci), j(o,?;)(/)> d(o,y)(F)^ for all 

a G {i}. Since Cj(0,i/), f{f],y), ri{f),y), and the ea{f),y) are determined 
by jfoy^if), it follows that their 1-jets are determined by 

(5-6) =i(o,y)(/)- 

Taking higher derivatives of 05.51) in this way, we see that 
depends analytically algebraically on s, and on 

(5-7) iifif)) = jpHf). 

□ 

Theorem 31. For any point p G M, there exists an analytic alge¬ 
braic parametrization of a neighborhood of f{p) in f{M) C R”, where 
analytic algebraic means that the component functions are analytic al¬ 
gebraic. This collection of analytic algebraic parametrizations defines 
an analytic structure on M with respect to which f is analytic. In addi¬ 
tion, it shows that any point p E M has an open neighborhood U <Z M 
such that f{U) is a semi-algebraic subset o/R"'. 
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Proof. The idea is to iterate parametrizations along curvature surfaces, 
starting with the hrst. Choose a point p G M. Setting i = 1 in equa¬ 
tion fl5.3p gives an analytic algebraic parametrization of a neighborhood 
of f{p) of the hrst curvature surface through p. To simplify the fol¬ 
lowing notation, we will write /(si) in place of /(a;i(si)), and likewise 
C 2 (si)), 'r 2 (si)), and efe(si) without showing explicitly the composition 
with the map a:i(si), etc. 

For each si, parametrize a neighborhood of the second curvature 
surface through /(si) by 

(5.8) /(si, S 2 ) = C 2 (si) S 2 ('S 2 )(/(si) - C 2 (si)) r 2 (si) ^ slcbisi) 

be{2} 

where C 2 (si), /(si), and efe(si), b G {2}, are determined by which 

in turn depends analytically algebraically on si and jp(j^(/)) = jp{f), 
by Lemma 1301 

li g > 2, then one more step should make the iteration clear. For 
each si, S 2 G x 52 ( 62 ), parametrize a neighborhood of the third 

curvature surface through /(si,S 2 ) by 

/c-qN /(si,S2,S3) = C3(si,S2) +s)|(s3)(/(si,S2) -C3(si,S2)) 

^ ^ +^3(si,S2)EcG{3}S3ec(si,S2). 

Now C 3 (si,S 2 ), /(si,S 2 ), and ec(si,S 2 ) are determined by 
which in turn depends analytically algebraically on S 2 and 

if.1,0) (/(/)) =i(®i,o)(/)) 

which in turn depends analytically algebraically on si and 

Continuing in this way, we parametrize a neighborhood of the 
curvature surface through /(si,..., Sg_i) by 

/(Sl,...,Sg) = Cg(Sl, . . . , Sg_l) 

(5.10) -\-S^{Sg){f {si, . . . , Sg-l) — Cg{si, . . . , Sg-l)) 

+rg(si,..., Sg_i) EdeM Sg.i), 

which is analytic algebraic in (si,...,Sg) G x ■■■ x B^^{eg) 

and depends on the finite set of constants determined by jp^{f). By 
a standard argument (see, for example, Thorbergsson m P- 497]), 
/(si ,... ,Sg) parametrizes a neighborhood of p G M. 

Finally, since a hnite product of open balls is a semi-algebraic subset 
of its image under the analytic algebraic map fl5.10p is a semi- 

algebraic subset of R". □ 
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Corollary 32. A connected proper Dupin hypersurface M in R" is an 
open subset of a connected component of the irreducible algebraic set 
M of dimension n — 1. 

Proof. By the theorem, for any point p G M, there is an open neigh¬ 
borhood U <Z M of the point that is a semi-algebraic snbset of R"'. 
The result now follows from Lemma [T71 □ 

A slightly more general result holds that we shall apply to Dupin 
hypersurfaces. 

Corollary 33. If a connected analytic hypersurface N C R"" contains 
a connected proper Dupin hypersurface M, then N is an open subset 
of the connected component of an irreducible algebraic set that contains 
M. 

Proof. An open subset of M is open in iV, so the result follows from 
Lemma [HI □ 


6. Kuiper’s Conjecture 

As observed in the Introduction, Kuiper’s Conjecture would be proved 
if we could prove that any connected non-proper Dupin hypersurface 
in R^ is algebraic. 

A connected Dupin hypersurface M in R” has an open dense subset 
Q such that each connected component of Q is proper Dupin. In fact, 
Q is the set on which the multiplicities of the principal curvatures are 
locally constant ([23])- Decompose Q into its at most countably many 
disjoint connected components ^i, Q 2 , G 3 , .... By Corollary 15^ if the 
Dupin hypersurface M were an analytic submanifold of R"^, then, since 
it contains the connected proper Dupin hypersurface Gi, it would be 
contained in an irreducible algebraic set of dimension n — 1. Hence, 
our goal is to prove that M is an analytic hypersurface of R"^. 

Let G'^ denote the complement of G in M. It is the set of points in 
M that do not have a proper Dupin neighborhood. For example, let 
C R^ be a torus of revolution, and let C R'^ = R^ x R be 
a tube over in R^ of sufficiently small radius e so that is an 
embedded hypersurface in R'^. Then is a Dupin hypersurface that 
is not proper Dupin. has three distinct principal curvatures at all 
points except for the two tori x {±e} on which there are only two 
distinct principal curvatures. In this case, the set G is all of except 
X {±e}, and G^ equals x {±e}. See [6], p. 188]. 

Definition 34. A connected Dupin hypersurface M of R*^ has the local 
finiteness property if there is a subset S C G^, closed in M, such that 
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S disconnects M into only a finite nnmber of connected components, 
and for each point p E not in S, there is an open neighborhood W 
of p in M such that W HQ contains a hnite number of connected open 
sets whose union is dense in W. We call S the set of bad points in 

For instance, if is a hnite union of compact, connected submani¬ 
folds, or more generally, is a locally hnite CW complex, then M has the 
local hniteness property. An example with nonempty S' is a set that 
consists of the boundaries of an inhnite nested sequence Ti, T 2 ,..., of 
open neighborhoods, with the closure of Tn+i properly contained in T„, 
such that the intersection S = is a submanifold of codimension 

greater than one in M. 

Theorem 35. Let M be a connected Dupin hypersurface in R”. If M 
has the local finiteness property, then it is an analytic submanifold of 
R"', and is therefore contained in a connected component of dimension 
n — 1 of an irreducible algebraic set. 

Proof. Let Q G M he the open dense subset of M whose connected 
components are proper Dupin hypersurfaces in R”. Let S G he the 
set of bad points in Q^. By the local hniteness property, each point 
p E not in S has a neighborhood W, open in M, such that W Cl Q 
contains a hnite number of connected open sets Ui,... ,Us, whose union 
is dense in W. Note that Q dense in M implies that 

w G 

where Ui is the topological closure of U in M. By Corollary [33], each 
Ui is contained in an irreducible algebraic set Cj. Then Ui is a subset 
of Ci since C, is closed. Hence, 

w G utm c uta, 

which is a semi-algebraic subset of R”. 

By Lemma [211 since hF is a C'^-manifold, there is a connected open 
semi-algebraic subset U of contained in W with p E U. The 

intersection B of U with any open ball of R” centered at p is still an 
open subset of M and a semi-algebraic subset. Thus, we may assume 
B is so small that it is the graph of h : D —>■ H for some open set 
D G R""”^ by performing a linear change of coordinates ..., x"") in 
R"" if necessary. Since the projection 

TT : (x\ . . . ,x’") (x\ . . . 

which is semi-algebraic, sends B to D, we see D is a semi-algebraic 
subset of R”“^. Thus, the map h is semi-algebraic, because its graph 

{(x, h{x)) : X E D} = B 
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is a semi-algebraic subset of R”. Therefore, h is a Nash function and 
so it must be analytic algebraic as noted in Proposition [HI and the map 

H : B, H{x) = {x,h{x)) 

is an analytic algebraic parametrization of the open neighborhood B C 
M about p. Since p E \ S was arbitrary, and since every point of 
Q has a neighborhood with an analytic algebraic parametrization by 
Theorem [311 if follows that M \ S' is an analytic submanifold of R"^. 
Since M\S has a hnite number of connected components, each of which 
contains an open subset that is a semi-algebraic subset of R", it follows 
that M \ S' is contained in the union C of hnitely many irreducible 
algebraic sets. Then M is contained in the topological closure of M \ S' 
which in turn must be contained in the closed set C. 

Now let q be any point in S and consider M itself as an open neigh¬ 
borhood about q. Then M is a C°^ manifold contained in the semi- 
algebraic set C. Apply the above argument to conclude that some 
open neighborhood of g in M is the image of an analytic algebraic 
parametrization. Hence, every point of M has an analytic parametriza¬ 
tion, and M is an analytic hypersurface of R*^. □ 

Question 36. Is the local hniteness property true for any connected 
Dupin hypersurface in R*^? 

If the answer is yes, then we could resolve Kuiper’s conjecture for 
taut submanifolds of R"^ in the following manner. 

First note that Pinkall [19] extended the notion of Dupin to subman¬ 
ifolds in R” of codimension greater than one as follows. Let M be a 
submanifold in R” of codimension greater than one, and let UN{M) 
denote the unit normal bundle of M in R"". A curvature surface of M 
is a connected submanifold S G M for which there is a parallel (with 
respect to the normal connection) section r/ : S' —>■ UN{M) such that 
for each a; G S', the tangent space T^S is equal to some principal space 
of the shape operator The corresponding principal curvature 

A : S' —> R is then a smooth function on S. Pinkall calls a submani¬ 
fold M of codimension greater than one Dupin if along each curvature 
surface, the corresponding principal curvature is constant. This deh- 
nition is equivalent to Pinkall’s [TH] Lie sphere geometric dehnition of 
the Dupin property in terms of the Legendre lift of M, and of course, 
it agrees with the usual dehnition of a Dupin hypersurface in the case 
of CO dimension one. 

Pinkall [T9| then proved that a taut submanifold of R"^ must be 
Dupin, although not necessarily proper Dupin. He also proved that if 
M is an embedded taut compact submanifold in R" and is a tube 
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over M of sufficiently small radius that is an embedded hypersur¬ 
face in R”, then M is Dupin if and only if is Dupin (since their 
Legendre lifts are Lie equivalent [H]), and M is taut (with respect to 
Z 2 -homology) if and only if is taut. 

We now prove that a taut submanifold M in R" is algebraic if the 
local hniteness property holds on the tube M^. 

Theorem 37. (a) If is a connected, compact taut hypersurface 

in R” that satisfies the local finiteness property, then is an ana¬ 

lytic submanifold and a connected component of an irreducible algebraic 
subset o/R"". 

(b) If M™' is a connected, compact taut submanifold of codimension 
greater than one in R” such that the tube over M, which is Dupin, 
satisfies the local finiteness property, then M is an analytic submanifold 
and a connected component of an irreducible algebraic subset o/R". 

Proof, (a) Since a taut hypersurface must be Dupin, this follows im¬ 
mediately from Theorem [351 

(b) Let M be an embedded taut connected, compact submanifold in 
R" and let be a tube over M of sufficiently small radius that 
is an embedded hypersurface in R". Then is a Dupin hypersur¬ 
face by the work of Pinkall [19] mentioned above. Thus Mg C R” is 
semi-algebraic by Theorem [35l since satishes the local hniteness 
property. Consider the focal map > M C R" given by 

F,(x) = x-ef, 

where f is the outward held of unit normals to the tube M^. Any point 
of Me has an open neighborhood U parametrized by an analytic alge¬ 
braic map. By Proposition [TTl the hrst derivatives of this parametriza- 
tion are also analytic algebraic, and thus the Gram-Schmidt process 
applied to these hrst derivatives and some constant non-tangential vec¬ 
tor produces the vector held f and shows that f is analytic algebraic on 
U. Hence is analytic algebraic on U and so the image Ff^{U) C M 
is a semi-algebraic subset of R". Covering by hnitely many sets of 
this form U, we see that M, being the union of their images under F^, 
is a semi-algebraic subset of R'^. Then M is an irreducible algebraic 
of the same dimension as M and contains M. □ 

The preceding proof uses the hniteness condition on the tube M^ to 
prove that M^ is analytic via Theorem [351 This will also follow from 
the assumption that M itself is analytic. Thus we have the following 
result. 
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Corollary 38. If M is an analytic connected, compact taut submani¬ 
fold o/R", then M is a connected component of an irreducible algebraic 
subset o/R"'. 


7. Alexander Cohomology 

We now begin onr work to show that the local hniteness property is 
satished by tant hypersurfaces satisfying certain additional restrictions 
on their dimensions and the multiplicities of their principal curvatures. 
A principal tool in our work is the theory of Alexander cohomology for 
noncompact manifolds. We begin with the following dehnition. 

Definition 39. An end of a noncompact manifold X is an equiva¬ 
lence class of sequences of connected open neighborhoods X,Ui,U 2 , ■ ■ ■, 
where Un+i C Un, such that the intersection of the closures of these sets 
is the empty set, subject to the equivalence relation (A, U\, U 2 , ■ ■ ~ 

(A, Wi, W 2 ,...) if for each Ui there is a j with Ui C Wj, and for each 
Wk there is an m such that Wk C Um- 

Though the dehnition is intuitive, another equivalent intrinsic deh¬ 
nition is often more convenient to work with. 

Definition 40. An end of a noncompact manifold A is a function e 
which assigns each compact set A C A to a subset of A such that 
e{K) is a connected component of A \ A for each A, and if A C L 
then e(L) C e(A). 

For a proof that these two dehnitions are equivalent, see m Propo¬ 
sition 9, p. 9]. 

We can “glue” the ends of A to A to make the resulting space 
compact (see [20]). In particular, the set of ends is not empty by the 
noncompactness of A. 

Definition 41. Let S' be a closed subset of a manifold M. The k-th 
Alexander cohomology group is dehned to be 

h\s) :=limA^(l/), 

where H^iV) is the usual /c-th singular cohomology group of V (with, 
say, the coefficient ring Z 2 ; in fact, all commutative rings with identity 
suffice), and lim^ denotes taking the direct limit over the directed 
system of open sets V containing S in the ambient space M. 

_ 

In other words, we dehne H (S) to be the set of equivalence classes 
of the disjoint union of H^{V), for all open V containing S, where au G 
H^{U) and ay G H^{V) are considered equivalent if there is a third 
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open set W containing S, where W is contained in both [/ and V, with 
the inclusion maps : W ^ U and : W —>■ V, and the pullback 
morphisms ( 4 )* : H\U) and ( 4 )* : H^V) 

such that (i[y)*(a{/) = (ij^)*(ay). 

Let us look at H [S) to gain some insight. First observe that 
ii W G U are two open neighborhoods of S, then the morphism 
: H^{U) —> H^{W) induced by the inclusion : W ^ U is 
nothing other than restricting an element ajj G H^{U), which is a Z 2 - 
valued locally constant function, to the same function on W. Hence, 
au G H^{U) and ay G H^{V) are equivalent in the dehnition of the 
Alexander cohomology group (S') if and only if there is a smaller 
open neighborhood hF of S' contained in both U and V such that the 
two Z 2 -valued functions au and ay restrict to the same function on W. 
In other words, H (S) is the ring of germs of locally constant Z 2 -valued 
functions around S'. 

Here, for any topological space X, a function / from X to Z 2 is said 
to be locally constant if there is an open covering U oi X such that / 
is constant on each element of U. 

Theorem 42. if°(S) is the Z 2 -module of locally constant functions 
from S fo Z 2 . In particular, if all the (topological) connected compo¬ 
nents of S are open in S, then the rank of H (S') is identified with the 
cardinality of the (topological) connected components. 

For a proof, see Theorem 5 and Corollary 6 in [2ll p. 309-310]. 

Corollary 43. Let M he a compact and simply connected manifold. 
Let S <Z M be a compact subset which disconnects M \ S into a con¬ 
nected components. Suppose all the connected components of S are 
open (whose cardinality is necessarily a finite number m) in S. Then 
the number of ends e of X = M\S is finite, and 

(7.1) e = a -I- m — 1. 

Proof. First of all, observe that the number of (topological) connected 
components of S is hnite, since S is the disjoint union of these open 
components and S is compact; let this number be m. Therefore, by 
Theorem 021 the rank of H (S') is m. 

We claim that the number e of ends of X is hnite. Suppose e = 00 . 
Then there is a decreasing sequence of open sets Wi, W 2 , ... in X such 
that X \ Wj is compact, PjWj = 0, and the number of unbounded 
connected components of Wj is an increasing sequence diverging to 
inhnity {W is the closure of W). (By [TOl Theorem 3.9, p. Ill], each of 
Wj has hnitely many unbounded connected components, since X \ Wj 
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is compact.) Let nj be the number of connected components of Wj. 
Let Uj = Wj U S. Then Uj is a neighborhood of 5 in M since Uj = 
M \ {X \ Wj). Let rrij be the number of connected components of Uj 

in M. 

Observe that since M is covered by the open sets M\S and Uj, the 
Mayer-Vietoris sequence, with H^{M) = 0 by simple connectedness, 
says 

0 ^ H\Uj \S)^ H\M \S)® H\Uj) ^ H%M) ^ 0 

so that 

(7.2) Uj = dim {Uj \ S) = dim H^{M\S) +dim H^{Uj)-l 

= a + rrij — 1. 

It follows that the sequence {rrij} also diverges to oo. Now the 
direct limit in the dehnition of Alexander cohomology can be taken 
over the directed system Ui, U 2 , ... in place of the system of all open 
neighborhoods of S. This is because for each open neighborhood U 
of S, there is a Wj C U \ S, and hence a Uj C U, such that if we 
dehne a. G H^{Uj) to be the restriction of au G H^{U) on Uj, then 

[au\ = [dUj] ^ H (S'). 

The restriction maps Vj : Lj+i —Uj induce the restriction mor- 
phisms 

Moreover, aj G H^{Uj) is identihed with a^+i G H^iUjj^i) if and only 
if ttj+i = {rj)*{aj). Then 

{r j)* ©Z2 —> ©Z2, 

where the domain ring consists of rrij copies of Z 2 and the target ring 
of rrij^i copies with rrij < rrij+i. 

Starting with H^{Ui), which has cardinality {ri)*{Ui) is of cardi¬ 
nality no greater than 2 ™^ in the space H^{U 2 ) of cardinality 2 "^^ > 2 *"^ 
{r 2 )*{ri)*{Ui) is of cardinality at most 2 ™'^ in the space H^{U^) of car¬ 
dinality 2™® > 2"^% 6 fc. Now pick one element 02 in H^{U 2 ) not in the 
image of H^{Ui) under (ri)*, an element 03 not in the image of H^{Ui) 
under (r 2 )*(ri)*, etc. Then ( 02 , as, • • ■) is not equal to any element in 
H (S') whose representative comes from H^(Ui). Continuing in this 
fashion, we can construct an inhnite number of distinct elements in 
H (S'), since mi < m 2 < ■ ■ ■ increasingly diverge to inhnity. The up¬ 
shot is that this implies that the cardinality of H (S') is inhnite, which 
contradicts the fact that it is equal to 2 ™. 
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The contradiction proves that the number e of ends is hnite. It 
follows that, since rij is the number of connected components of Wj, 
then Uj = e for sufficiently large j, so that fl7.2p gives 

rrij = 1 + e — a 

for sufficiently large j. 

In the case when m = 1, i.e., when S is connected, we have rrij = 1 
for large j, since the closure of each of the finite ends intersects S 
(or else it would not be an end), so that in fact the union of each 
end with S is connected, and so Uj, being the union of all Wj and S, 
with Wj composed of the ends, is connected. In general, since all the 
components of S are open, we can separate them by disjoint open sets 
in M and hence can work on each component to conclude that in fact 
rrij = m for large j, from which we derive 

e = a + m — 1. 

□ 

We assume in the preceding corollary that H^{M) = 0 only for 
simplicity. When H^{M) ^ 0, we have the connecting homomorphism 

^H\M) ^H^{Uj\S) ^ 

when chasing upward the Mayer-Vietoris sequence, so that in fact 

(7.3) Uj = a + rrij — 1 + 6j 

with Sj the dimension of the image of H^{Uj \ S) via the connecting 
homomorphism. Clearly 

5j < hi, 

where hi is the first Betti number of M. 

By the same reasoning as above we see that nj,mj,6j eventually 
stabilize, so that we have 

(7.4) e = a + m — 1 + 5 
with 5 < hi. We conclude the following. 

Corollary 44. Let S be a closed set in a compact manifold M. Sup¬ 
pose all the (topological) connected components of S are open (and so 
necessarily of finite cardinality m) in S, and suppose the number of 
ends of X = M \ S is finite with cardinality e. Then the number of 
connected components of X is no greater than e — m + 1. 

Proof. In Equation fl7.4l) 

a = e — m + 1 — 5<e — m + 1. 


□ 
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Remark 45. It is important to observe that we calculated Alexander 
cohomology under the assumption that the connected components of S 
are all open in S. Conversely, when we know in advance that the num¬ 
ber of ends of X is hnite, we can assert that the (topological) connected 
components of S are all open in S. (As long as S is closed, M need not 
be compact.) This is because fl7.3p and the hnite cardinality of ends 
imply that the numbers rrij are always bounded above by a constant p. 
(Note, in particular, that the number of connected components of X, 
which is a in 07.31) . is then always hnite.) Fix a large j in the process 
and suppose the open set Uj decomposes into j3 connected components 
Uji, • • • , Ujp. We may assume all Sk := Ujk ft S' 7 ^ 0,1 < A; < /3; or 
else we ignore those having empty intersection with S and redehne Uj 
to be the union of those intersecting S. Then for f/^+i C Uj, since 
S C f7j+i, none of the Uj-^i^k ■= Cj+i Fl Ujk, 1 < k < P, are empty. It 
follows that f/j+i consists of at least [3 connected components. Hence 
rrij < rrij^i < ■ ■ ■ < p. This implies that eventually all large m* are 
equal to a hxed number m. Fix such t. The m connected components 
of Ut intersect S in m nonempty disjoint sets Si,..., Sm, which in turn 
are contained in the m connected components of all Ur,r > t, by the 
process. Note that the restriction morphisms (r^)* are all isomorphisms 
for large t. Hence the rank of H (S) is m, which is the rank of the 
module of locally constant functions on S. Now the sets Si,..., Sm are 
both open and closed in S, and they form an open covering. It fol¬ 
lows that the locally constant functions on Si,..., Sm already exhaust 
H (S'). Each Sj must be connected, or else, we could cut it up into 
two disjoint nonempty open sets to hnd a rehned open covering with 
m -|- 1 open sets, contradicting the rank of H (S') being m. Hence all 
Si,..., Sm are open connected components. 

Definition 46. The set S is called the end set oi X = M\S. If X has 
h ends, then there is an open neighborhood of t/ of S' such that for any 
open neighborhood H of S' contained in U, V \ S has h (unbounded) 
connected components, each of which corresponds uniquely to an end. 
We call these components the end components of X. 

8. Application to Compact Taut Submanifolds 

We begin this section by recalling some fundamental facts about taut 
embeddings. An embedded compact, connected submanifold M C R" 
is taut if every nondegenerate Euclidean distance function, 

Lp : M ^ H, Lp{x) = d{x,pY, p G R"", 
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has /3(M, Z 2 ) critical points on M, where /3(M, Z 2 ) is the sum of the 
Z 2 -Betti numbers of M. That is, Lp is a perfect Morse function on M. 

Kuiper [12] showed that a compact, connected submanifold M C R” 
is taut if and only if M satishes the following condition: for every closed 
ball B C the homorphism on homology 

(8.1) n M, Z 2 ) ^ H,{M, Z 2 ) 

induced by the inclusion of {B fl M) C M is injective for all r G R. 

Tautness is invariant under Mobius transformations of R” U {cxd}. 
Further, a compact submanifold M C R” is taut if and only if the 
embedding a{M) C S'”, where a : R” —>• S” — {P},P G S”, is stere¬ 
ographic projection, is taut in S”, where spherical distance functions 
dp are used instead of Euclidean distance functions Lp. In this section, 
we will consider submanifolds of S” instead of R” for various reasons, 
including the fact that a focal point cannot vanish to inhnity in S”. 

Since a spherical distance function dp{q) = cos~^{p ■ q) has the 
same critical points as the Euclidean height function lp{q) = p ■ q, 
for p, g G S'”, a compact submanifold M C S'” is taut if and only if it is 
tight, i.e., every nondegenerate height function lp has /3(M, Z 2 ) critical 
points on M. It is often simpler to use height functions rather than 
spherical distance functions when studying tautness for submanifolds 
of S'”, and we will use whichever type of function is most convenient 
for our argument. 

We now come to a fundamental result on taut submanifolds due to 
Ozawa [TB] . 

Theorem 47 (Ozawa). Let M be a taut compact connected submanifold 
embedded in S”, and let ip,p G S”, be a linear height function on M. 
Let X ^ M be a critical point of ip, and let S be the connected component 
of the critical set of ip that contains x. Then S is 

(a) a smooth compact manifold of dimension equal to the nullity of the 
Hessian of ip at x; 

(b) nondegenerate as a critical manifold; 

(c) taut in S'”. 

We call such a connected component of the critical set of ip a critical 
submanifold of ip. 

Remark 48. Terng and Thorbergsson [26l p.l90] generalized the notion 
of tautness to submanifolds of arbitrary complete Riemannian mani¬ 
folds and proved an analogue of Ozawa’s Theorem in that context. 
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Let M be a compact taut hypersurface in S'". Consider the normal 
exponential map E : M x (—tt, tt) —>■ S'", where 

E : (p, t) H-^ cos{t)p + sin(t)n, 

with n the chosen unit normal held of M. Here, E is smooth at points 
where t = — tt, tt. 

A point q = E{p,t) is called a focal point of multiplicity m > 0 of 
M at p ii the nullity of the derivative E^, is equal to m at (p, t). The 
set of all focal points is the focal set T of M. The focal points at 
p are antipodally symmetric on the circle E{p,t) with each principal 
curvature of the form cot(f) for some f 7 ^ 0. Let Z be the complement 
of E in S'". 

Lemma 49. Z is connected in S'". 

Proof. By Federer’s version of Sard’s theorem |H1 Theorem 3.4.3, p.316], 
the image of the critical points of a given smooth function / ; R* —R^, 
at which the rank of the derivative is less than or equal to z/, is of 1-P- 
measure 0, where l-P denotes the Hausdorff //-dimensional measure. 

Label the principal curvature functions by Ai < A 2 < ■ ■ ■ < A„_i. 
It is known that \j are Lipschitz-continuous, because the principal 
curvature functions on the linear space S of all symmetric matrices are 
Lipschitz-continuous by general matrix theory (see, for example, [21 p. 
64]) and the fact that the Hessian of M is a smooth function from M 
into S. Let cot{tj) := Xj, 0 < tj < vr. We know that the focal maps 

(8.2) fjip) = cos{tj)p + sm{tj)n 

are Lipschitz-continuous and are smooth on a dense open set. 

For each i, let Oj be the open subset of M on which Aj has multiplicity 
1. (Oj could be empty.) Then Oi consists of countably many open 
components Op, j = 1 , 2 ,..., such that the restriction of /* to (Op) is 
an embedded submanifold of dimension n — 2. This follows from the 
fact that Ai is constant on its lines of curvature on each Op by the 
Dupin condition. 

Let Zi be the complement of Oj in M. {Zi could be empty.) At each 
point p of Zi, the principal curvature cot(ti) must have multiplicity at 
least 2, and so the normal exponential map E has rank < n — 2 at the 
point {p,ti). Thus the focal point fi{p) lies in the singular value set K 
of points for which the derivative of E has rank <n — 2. 

We conclude that the entire focal set E is composed of the countably 
many embedded submanifolds /i(Op) of dimension n — 2, their antipo¬ 
dal sets and the set K which has Hausdorff (n—2)-measure zero by Fed¬ 
erer’s theorem quoted above. Therefore, the Hausdorff (n —l)-measure 
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of the whole focal set T is zero, which implies that the complement Z 
of T is connected (see |22l P- 269]). □ 

Away from JF, the map E is a. local diffeomorphism. For each 0 < 
m < n — 1, we let be the set of points {p,t) in E~^{Z) for which 
the spherical distance function dq, where q = E{p,t), has index m at 
p. Then the tautness of M implies that 

E:Wm^Z 

is a degree bm (regular) covering map, where bm is the m-th Betti 
number. Therefore, by the connectedness of Z, the set Wm decomposes 
into hnitely many (connected) covering sheets Wmi,Wm2, ■ ■ ■ ,Wmsm 
onto Z, where Note, in particular, that 7 ^ 0 if and only 

if bm 7 ^ 0. Further, since Wq and Wn-i are both strips around the 
0-section M x {0}, we will not consider m = 0orm = n — 1. Thus, 
we will consider only those m with 0 < m < n — 1 , such that 6 ^ 7 ^ 0 . 
For such values of m, Wm will be composed of connected components 
either in M x (0, vr) or M x (—tt, 0). We denote by PFA those Wmj 
contained in M x ( 0 , 7 r). We set Wm '■= UjTFA. 

Lemma 50. All the (topological) connected components of E are open 
in T. In particular, the number of ends of Z is finite. 

Proof. Since each fj{M), I < j < n — 1, dehned in fl8.2l) is compact 
and path-connected in S"', we can group them and the sets antipodal to 
them into classes where the union of those fj{M) in each class is path- 
connected whereas the unions from different classes are disjoint. Call 
these disjoint unions Xi,..., Xr, each of which, being a hnite union 
of compact sets, is closed in S"' and path-connected. Hence by the 
Urysohn separation lemma, there are disjoint open sets Oi,... ,Or that 
contain Xi,..., Xr, respectively. This means that each (topological) 
component, now being just the path-connected components, are open 
in the relative topology. The conclusion follows by Corollary 03] since 
the ambient sphere is simply connected and E does not disconnect S'” 
so that a = 1 in fl7.ll) . The number of ends of Z equals the number of 
path-connected components of E. □ 

Corollary 51. Each Wffj has a finite number of ends. 

Proof. This follows since E : PFA Z is a proper map because it is a 
covering map of hnite degree and Z has a hnite number of ends. □ 

Let pr : M X (—vr, tt) —>■ M be the projection. Since pr is an open 
map, the sets 

(8.3) 


U*, ■= W(W+,) 
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are open and connected in M. We also set 

(8.4) C/.: := = pr(H'+). 

It is clear that W~ and U~ can be similarly defined on M x (—tt, 0). 

Definition 52. We define to be the collection of all x for which 

there exists a t > 0 such that {x, t) is a regular point of the normal 
exponential map E, and the spherical distance function dy, where y = 
E{x,t), has index m at x. 

Note that 17+ C (17^)+ by definition. Further, any point p in 
the complement (17^)+ \ 17+ satisfies the condition that every q = 
E{p, f), t > 0, on the normal exponential circle, such that dg has a non¬ 
degenerate critical point of index m at p, is a focal point of some other 
point in M. 

Lemma 53. (17^)+ is open in M. 

Proof. This follows from the property that E is a local diffeomorphism 
around {x,t),t > 0, so that E{x,t) is nonfocal along the normal expo¬ 
nential circle. Hence, for a point {x',t') near {x,t), the point E{x',t') 
is also nonfocal along the respective normal exponential circle. Now, 
dy has index m at the nondegenerate critical point x. When x' is suffi¬ 
ciently close to x, the function dyi,y' = E{x', t'), is a slight perturbation 
of dy. Since x' is a nondegenerate critical point of dy/ and since non¬ 
degenerate critical points are locally structurally stable, dy/ must also 
have index m at x', so that x' G (17^)+. □ 

We introduce a space slightly larger than IF’+^. as follows. Observe 
that any two points (p, ti), (p, ^ 2 ) in Wmj he on an interval in the set 
{p} X (0, tt) between two adjacent critical points of the map E. However, 
it should be noted that, in general, there might exist points (p, t) on 
the same interval not belonging to 1T’+^., because i?(p, t) is a focal point 
of some other point in M. In accordance, for (p, fi) and (p, ^ 2 ) in 
Mx (0, tt), we say (p, ti) is equivalent to (p, ^ 2 ), denoted (p, ti) (P, h), 
if the distance functions dgj, for qi = E{p, ti), and dg^, for q 2 = E{p, ^ 2 ), 
have nondegenerate critical points of the same index m at p. We then 
let Lmj be the (trivial) line bundle 

(8.5) 

Lmj {{p.t) ^ M X (0, tt) : (p,t) (p.to) for some (p, fo) e 44;,,,} 
over 17+^.. 

Lemma 54. \ WE is of Hausdorff codimension at least 2 in L^j ■ 

In particular, L^j and JJE are of finite number of ends. 
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Proof. By the openness of W^j, we know Lmj \ ^mj closed in Lmj- 
We next show that L^j \ is of Hausdorff codimension at least 2. 
Consider the restriction of the map E on Lmj \ ^mj given by 

/ := (p, t) e Lmj \ W;fj ^ E{p, t) G E. 

Note that / is a £nite-to-one map. This is because for any 2 ; G JC, 
the height function is a perfect Morse-Bott function, and each p, for 
which some point of the form (p, f) is in is a nondegenerate 

critical point of index m of C on the taut hypersurface M. Such a 
nondegenerate critical point is a critical submanifold. Hence the total 
number of such points is no more than bm, the m-th Betti number of 
M. 

The image of / is a closed subset of E of Hausdorff codimension at 
least 2 by Lemma 091 E is a. local diffeomorphism at (p, t) G Lmj when 
it is restricted to Lmj- Hence, there is a neighborhood Y(p,t) C Lmj 
around each (p, t) G Lmj \ ^mj that / restricted to Y(p^i) fl {Lmj \ 
Wmj) is a homeomorphism into E. It follows that the Hausdorff (n —2)- 
measure of Lmj \ ^mj most hm times that of JF, which is null in 
the ambient sphere S^. So, Lmj \ WE is of Hausdorff codimension at 
least 2 in Lmj- In particular, Lmj \ ^mj hoes not disconnect Lmj- 

We now apply Remark 05] with S = Lmj \ ^mj > El = Lmj and X = 
M \ S = WE, Since X has a hnite number of ends, it follows that S 
has hnitely many components all of which are open in S. Now, suppose 
M has inhnitely many ends. Then there is a decreasing sequence of 
open sets Wi, W 2 ,..., in X such that X \ Xj is compact, PjXj = 0 and 
the number of unbounded connected components of Xj increasingly 
diverges to inhnity. As S has hnitely many components Si,..., St, 
all of which are of Hausdorff codimension at least 2, Si,..., St cannot 
disconnect the connected components of Xj. We see Xj \ S form a 
decreasing sequence whose disconnected components diverge to inhnity, 
so that WE = M\S will have inhnitely many ends. This contradiction 
establishes that Lmj has a hnite number of ends. Since Lmj is a trivial 
line bundle over UE, so that Lmj — LfE x R, it follows that LfE has 
a hnite number of ends. □ 

Corollary 55. WE is disjoint from if and only if LfE is disjoint 
from U^i. In particular, Um has finitely many ends. 

Proof. The backward direction is clear. To prove the forward direction, 
suppose p G UE n H+;. Let X := UE u f/+ and let F := WE u . 
Since X is open and connected, we can form the (trivial) line bundle 
L over X, where L consists of {p,f),p G X, such that the distance 
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function dq, for q = E{p, t), has a nondegenerate critical point of index 
m at p. Then L = L^j U L^i and Y G L hj construction. However, 
the analysis in Lemma ISTI shows that L\Y is of Hausdorff codimension 
at least 2; therefore, Y is connected, and so and W^i cannot be 
disjoint. 

Now that 17+ is the hnite disjoint union of all 17+^-, each of which has 
hnitely many ends, it follows that the same is true for 17+. □ 

Corollary 56. 17+ is dense in (17j^)+. In particular, iU^)^ has a finite 
number of connected components. 

Proof. Suppose that 17+ is not dense in (17^)+. Then there is an open 
set X C (17^)+ that is disjoint from 17+. Similar to Corollary [551 let 
us introduce the line bundle L over X, which consists of all points 
{p,t),t > 0, where p E X and dq, for q = E{p,t), has a nondegenerate 
critical point of index m at p. 

Every point (p, t) E L is mapped to E via the map E, since p E 
(17^)+ \ 17+. As we see in Lemma EH the map / of Lemma EH on L 
is £nite-to-one and regular at every point of L. Thus, the image of / 
contains an open set of dimension n = dimL. This contradicts the fact 
that the Hausdorff codimension of E is at least two. Thus, 17+ is dense 

in 

In particular, (17j^)+ also has a hnite number of connected compo¬ 
nents, because any of its components will contain at least one compo¬ 
nent of 17+. □ 

Recall that we say a point p is a good point in the taut hypersurface 
M if the multiplicities of the principal curvatures are locally constant 
around p. We denote the set of good points by Q. We know Q is open 
and dense in M. 

Our convention is that we label the principal curvature functions 
by Ai < A 2 < ■ ■ ■ < A„_i. When we say {mi, m 2 , ■ ■ ■ is a given 
sequence of principal multiplicities, we mean that 

Al ■ ■ ■ An^j , Amj_|_i ■ ■ ■ 1^7711+7712 : • • • : 

SO that mj is the multiplicity of the largest distinct principal curva¬ 
ture. 

Lemma 57. There is a dense open subset of Q such that for any p in 
the subset, there is a point q E Z between any two focal points on the 
normal exponential circle E{p,t),t > 0. 

Proof. Let A be a connected component of Q assuming multiplicities 
{mi,m 2 ,... ,m^). Let ag = mi + ■■■ + mg, for 1 < s < p. Then 
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X C (^7*J+. Then Corollary [56l implies that X fl is dense and 
open in X. □ 

Definition 58. We let Q° be the largest dense open subset of Q over 
which Lemma 1571 is true. 

Lemma 59. Let g be the maximum number of distinct principal cur¬ 
vatures on M. Let M. := (mi,..., mg) be a given maximal sequence of 
multiplicities. Let Om C Q° be the (open) subset of Q° attaining these 
multiplicities. Let aj = mi + ■ ■ ■ + mj, for 1 < j < g. Then Om is the 
intersection of all Uft.. 

Proof. The intersection consists of all points p such that there is some 
0 < < TT for which p is of index aj with respect to the distance 

function dq, with q = E{p,tj), for each j. So, p must have g principal 
curvatures with multiplicities mi, m 2 ,..., m^. The maximality of g 
implies that mj cannot be broken further into smaller multiplicities. 
Moreover, since p G fW,, there is a f for which E{p, t) between the two 
appropriate focal points is in Z. We obtain p & G°. So, C Om- 
Conversely, since Om C G°, it follows by the dehnition of Lff:. that 
Om^PU+. ' □ 

We now proceed to handle the case of a taut submanifold of dimen¬ 
sion 3 or 4. First we need the following lemma in homology that will 
be needed in our proof. 

Lemma 60. Let Bi C B 2 be two closed disks. Then the new 
topology of the taut submanifold M added between BiHM and B 2 PM 
is the relative homology 

Hk{B2nM, BiPM). 

Proof. This follows from the exact sequence 

^HkiBiPM) 4 Hk{B2nM)^ Hk{B2nM,BinM) 

4 Hu-i{BinM)^ Hk_i{B2nM)^ 

and the fact that i is injective by the injectivity property of tautness, 
so that j is surjective. It follows that 

Hk{B2 n M) = Hk{Bi CM)© Hk{B2 C M, 5i C M), 

and hence the conclusion. □ 

Corollary 61. If Bi G B 2 G B^ are three closed disks, then 

Hk{B 3 n M, 5i n M) = Hk{Bii n M, ^3 C M) © Hk{B 2 C M, 5i fl M). 
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Thus, Hk{Bs n M, i?i n M) is surjective to both fl M, B 2 fl M) 

and Hk(B 2 fl M, i?i fl M). 

Proof. Given three abelian groups A ^ B ^ C, where each arrow is 
an embedding, then C/B = {C/A)/{BfA). □ 

Lemma 62. Suppose dimM = 4. 

(a) If the maximum number of principal curvatures is > 3, then multi¬ 
plicities (1,3), (3,1) and (2,2) cannot exist on open sets. 

(b) // the maximum number of principal curvatures is 4, then the points 
with multiplicities (1, 1 , 2 ), (1, 2,1) and (2, 1 , 1), at which the number of 
principal curvatures is not locally constant, cannot be approached by a 
sequence coming from an open set of points of the same multiplicities. 

Proof, (a) Suppose the multiplicities are (1, 3) on an open set O. Let 
X & O and let p be a boundary point of O. Let c(t) be a smooth 
curve with c(0) = x and c(l) = p. We can assume that c(t) G O for 
0 < t < 1. Otherwise, let to be the first value of t such that q = c(to) 
is not in O, and replace p by q. 

Since p is a boundary point of O, there must be a sequence of points 
with multiplicities (1,1,2), (1,2,1) or (1,1,1,1) that converges to p. 
The multiplicities must remain (1, 3) at p; otherwise, the list of mul¬ 
tiplicities would drop to the single multiplicity (4), and this is impos¬ 
sible, because a taut hypersurface with a single umbilic point must be 
a totally umbilic sphere. We will handle the case where a sequence of 
points with multiplicities (1,1, 2) approaches p. The other cases are 
very similar. 

At each point c(t), 0 < t < 1, the curvature surface S{t) correspond¬ 
ing to the principal curvature A of multiplicity 3 is a 3-dimensional met¬ 
ric sphere which is the intersection of the corresponding 4-dimensional 
curvature sphere S(t) with a 4-dimensional plane P{t). As we take the 
limit as t approaches 1, these 4-dimensional planes P{t) approach a lim¬ 
iting 4-plane P{1) that intersects the 4-dimensional curvature sphere 
S(l) in a 3-dimensional sphere >S'(1), which must be the 3-dimensional 
curvature surface corresponding to A at p. On the other hand, consider 
a sequence of points {pj} where the multiplicities are (1,1, 2) that ap¬ 
proaches p. For each pj, the 2-dimensional curvature surface Ci through 
Pi corresponding to the principal curvature of multiplicity 2 is a topset 
for the spherical distance function centered at the corresponding focal 
point. Thus, by tautness, Ci represents a nontrivial 2-dimensional ho¬ 
mology class in M. As p* approaches p, these Ci approach a 2-cycle 
C in the curvature surface 5'(1) that is nontrivial in the 2-dimensional 
homology of 5'(1). This is a contradiction, since S'(l) is a 3-sphere 
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and has trivial 2-dimensional homology. A similar proof shows that 
multiplicities (3,1) cannot exist on an open set. 

Next suppose that the multiplicities are (2, 2) on an open set O. As 
in the argument above, let a; G O and let p be a boundary point of O. 
Let c(t) be a smooth curve with c(0) = x, c(l) = p and c(t) G O for 
0 < t < 1. Then the multiplicities must be (2,2) at p, because neither 
of the two multiplicities can drop to 1 at the limit point p and the 
single multiplicity (4) is impossible. Since p is a boundary point of O, 
there must be a sequence of points with multiplicities (1,1, 2), (2,1,1) 
or (1,1,1,1) that converges to p. We will handle the case where the 
multiplicities are (1,1, 2), and the others are handled similarly. 

Then as in the argument above, at each point c(t),0 < t < 1, the 
curvature surface S(t) corresponding to the hrst principal curvature A 
of multiplicity 2 is a 2-dimensional metric sphere which is the inter¬ 
section of the corresponding 4-dimensional curvature sphere S(t) with 
a 3-dimensional plane P{t). As we take the limit as t approaches 1, 
these 3-dimensional planes P{t) approach a limiting 3-plane T’(l) that 
intersects the 4-dimensional curvature sphere S(l) in a 2-dimensional 
sphere *S'(1), which must be the 2-dimensional curvature surface cor¬ 
responding to A at p. On the other hand, there is a sequence {i/i} 
approaching p such that the multiplicities are (1,1,2) at pj. For each 
Hi, the 1-dimensional curvature surface Ci through pi corresponding to 
the first principal curvature of multiplicity 1 is a topset for the spheri¬ 
cal distance function centered at the corresponding focal point. Thus, 
Ci represents a nontrivial 1-dimensional homology class in M. As Pi 
approaches p, these Ci approach a 1-cycle C in the curvature surface 
S'(l) that is nontrivial in the 1-dimensional homology of 5'(1). This is 
a contradiction, since 5'(1) is a 2-sphere and has trivial 1-dimensional 
homology. 

(b) In the case of multiplicities (1,1,2) or (2,1,1), the same type of 
argument takes care of this statement, since one can produce a point p 
with the given multiplicities that is also a limit of a sequence of points 
with multiplicities (1,1,1,1). Then the nondegenerate critical manifold 
at p corresponding to the principal curvature of multiplicity two is a 
metric 2-sphere S. However, since p can be approached by a sequence 
of points with multiplicities (1,1,1,1), one can produce a top 1-cycle 
C* in S' that is nontrivial in the 1-dimensional homology of S', which is 
a contradiction. 

In the case of multiplicities (1, 2,1), we need to modify the argument 
slightly. As above, the nondegenerate critical manifold at p correspond¬ 
ing to the principal curvature of multiplicity two is a metric 2-sphere S', 
and we can also approach p by a sequence of points with multiplicities 
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(1,1,1,1). However, in this case, the 1-dimensional circles approaching 
p corresponding to the second and third multiplicities are not top sets. 
We can see that they still contribute in a nontrivial way to homology 
by the following argument. 

At the point p, the multiplicities are (1, 2,1), and p is a limit point of 
the open connected set O on which the multiplicities are (1,2,1). Let 
q be the second focal point of M at p corresponding to the principal 
curvature of multiplicity two. As above, we can also approach p by a 
sequence of points in the open set U with multiplicities (1,1,1,1). Thus 
near p, we can hnd points x E O and y E U, with corresponding second 
focal points u and v near q such that the height functions = a, 

(■viy) = b, and positive numbers e and 5 such that 

( 8 . 6 ) 

C M,-j(f„) c MtiQ, KUt^) c Mj-C 

Furthermore, using a genericity argument, we can assume that the 
points X and y are chosen so that the critical submanifolds of the cor¬ 
responding height functions and are at distinct levels, and we may 
choose e and 5 sufficiently small so that a (respectively 6) is the only 
critical value between a — e and a -|- e (respectively, between 6 — 5 and 
6 + 5). 

Lemma [60] says that the new homology between the levels a — e 
and a + e of is 

(8.7) L7fc(M,+,(4),M<,_,(4)). 

Corollary [6T] says that the group in equation 18.71 is surjective to 

(8.8) i7fc(M„+,(4),M,_5(£,)), 
where in Lemma l60l we take 

Hi n M = M„_,( 4 ), Ha n M = Mb.siL), H3 n M = Ma+,{L). 

The same lemma says that the group in equation 18.81 is surjective to 

(8.9) i7fc(M),+5(4),M,_,(4)), 
where 

Hi n M = Mb-siQ, Ha n M = Mb+siL), H3 n M = Ma+e{L). 

It follows from these considerations that the group in equation 18.71 is 
surjective to the group in equation [831 However, by Morse-Bott critical 
point theory (see [H Theorem 20.2, p. 239]), we have 

( 8 . 10 ) Hk{Ma+M, Ma-M) = 
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where W is the critical manifold of £u at x and /i is the index at x. 
Similarly, we have 

( 8 . 11 ) ffk(M,+s(Q, M,_s{Q) = 

where V is the critical submanifold of £y at y and u is the index at y. 

Now the critical submanifold hh at x is a 2-sphere of index /i = 1, 
whereas the critical submanifold V at ?/ is a circle of index z/ = 1. 
Using k = 2 in equations 18.101 and 18.111 we see that 0 = Z 2 ) is 

surjective to Hi(y, Z 2 ) = Z 2 . This is a contradiction. □ 

Theorem 63. Let M be a compact taut hypersurface in S'” that is not 
a hypersphere. 

(I) If dimM = 3, then M is algebraic. 

(II) If dimM = 4, then M is algebraic. 


Proof. (I) We hrst establish that generically, i.e., on a dense open set, 
there is only one sequence of multiplicities. For dimM = 3, if no points 
assume multiplicities (1,1,1), then we have the proper Dupin case of 
two distinct principal curvatures at every point. This follows from the 
fact that no umbilic points can exist, since M is not a hypersphere. In 
this case, M is algebraic by Corollary [321 

In the case where there is an open set on which the multiplicities 
are (1,1,1), the same type of argument used in the multiplicities (1, 3) 
case in Lemma 162] shows that the multiplicities (2,1) and (1, 2) cannot 
exist on open sets. Thus, the multiplicities are (1,1,1) on the dense 
open subset Q of M. 

Now, consider A := and B := {Ui)~. The set A consists 

of points of multiplicities (1,1,1) or (1, 2) and B with multiplicities 
(1,1,1) or (2,1). The sets A and B both have hnitely many connected 
components, and their union is all of M. Let W := A (1 B he the set 
on which the multiplicities are (1,1,1). The Mayer-Vietoris sequence 

^ H\M) ^ H^{W) ^ H^{A) © H^{B) ^ H^{M) ^ 0 

gives that W = Q has hnitely many connected components. Hence, the 
local hniteness property holds on M, and M is algebraic by Theorem 1371 
(II)(a) Let dimM = 4. First consider the case where the maximum 
number of distinct principal curvatures is two. Since M is not a hy¬ 
persphere, there cannot be an umbilic point, and therefore the number 
of distinct principal curvatures must be two at all points. Thus, M is 
proper Dupin, and M is algebraic by Corollary [321 

Next consider the case when the maximum number of distinct prin¬ 
cipal curvatures is three. Note, in general, that the set assuming 
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multiplicities (1,1, 2), (1, 2,1) or (2,1,1) is automatically open by the 
maximality of the number of distinct principal curvatures. As a con¬ 
sequence, only the multiplicities (1,1, 2), (1, 2,1), (2,1,1) can possibly 
exist on open sets by Lemma 1621 

Consider A := := (U^)+ and C := The set A 

consists of points with multiplicities (1,1, 2), (1, 2,1), (1, 3), B with 
multiplicities (1,1, 2), (2,1,1), (2, 2), and C with multiplicities (1, 2,1), 
(2,1,1), (3,1). Each of A,B,C has hnitely many connected compo¬ 
nents, and M is the union of these three sets. 

Consider A and D ■= B A C. Being a union, D also has a hnite 
number of connected components. Now M = AUD and W := AnD = 
U UV, where U is the open set of points with multiplicities (1,1,2) 
and V is the open set of points with multiplicities (1,2,1). Hence, 
the Mayer-Vietoris sequence applied to A and D implies that W has 
hnitely many connected components. As the open sets U and V are 
disjoint, it follows that each of U and V has hnitely many connected 
components. A similar consideration establishes that the set of points 
with multiplicities (2,1,1) also has a hnite number of components by 
considering B and AaC. Hence, the set Q has hnitely many connected 
components. Therefore, the local hniteness property holds on M, and 
M is algebraic by Theorem [371 

(H)(b) Assume now that the maximum number of multiplicities is 
4. By Lemma l62l multiplicities (1,3), (3,1) and (2,2) cannot exist on 
open sets. Meanwhile, the set of points with multiplicities (1,1,1,1) is 
open. 

Since by Lemma E21 a point with multiplicities (1,1,2) (or (1,2,1) 
or (2,1,1)) at which the number of principal curvatures is not locally 
constant cannot be approached by a sequence coming from an open 
set of points of the same multiplicities, we see that such points must 
be entirely surrounded by points with multiplicities (1,1,1,1). As a 
result, an open set of points with multiplicities (1,1, 2) will approach 
boundary points with multiplicities either (1,3) or (2,2). 

The set Q of good points are those with multiplicities (1,1,1,1) and 
the points with multiplicities (1,1, 2), (1, 2,1), or (2,1,1) that exist on 
open sets. Q is open and dense in M. We let S be the subset of 
consisting of points of multiplicities (1,3), (3,1) or (2,2). We wish to 
establish that the local hniteness property is true. 

Firstly, S is closed in M. This is because any converging sequence 
of points of the indicated multiplicities must maintain the same type 
of multiplicities. 

We next show that M \ S has hnitely many connected components. 
It comes down to showing that A := (respectively, B := (HI)"*" 
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or C := with points of multiplicities (1,3) (respectively, ( 2 , 2 ) 

or (3,1)) removed, has only hnitely many connected components; for 
then the union of the three resulting sets is exactly M\S, which, being 
a union, must have hnitely many connected components. However, as 
before, this follows from the Mayer-Vietoris sequence applied to the 
open covers A and BUC of M, etc. Note that A is composed of points 
with multiplicities (1,1,1,1), (1,1, 2), (1, 2,1) or (1,3), B with multi¬ 
plicities (1,1,1,1), (1,1, 2 ), ( 2 , 1 , 1 ) or ( 2 , 2 ), and C with multiplicities 

( 1 . 1 . 1 . 1 ) , ( 1 , 2 , 1 ), ( 2 , 1 , 1 ) or (3,1). Hence, A (1 {B U C) is exactly A 
with points of multiplicities (1, 3) removed. 

Lastly, we verify that each point in \ S' has a open neighborhood 
W in M such that W Cl Q contains hnitely many connected open sets 
whose union is dense in W. 

As mentioned earlier, \ S is completely surrounded by points of 
multiplicities (1,1,1,1). For each point p G \ S of multiplicities 
( 1 , 1 , 2 ), there is a small neighborhood of it which contains no points 
of multiplicities (1,2,1) or (2,1,1), etc. In other words. The sets 
Ti, T 2 , T 3 of points of multiplicities ( 1 , 1 , 2 ), ( 1 , 2 , 1 ), ( 2 , 1 , 1 ), respec¬ 
tively, are contained in disjoint open sets Oi, O 2 , O 3 , respectively, where 
Oi \ Ti, 1 ^ ^ 3, consists of only points of multiplicities (1,1,1,1). 

Let X C (t/ 3 )’'" be the subset of points of multiplicities (1,1,1,1). X 
is dense in the set of points of multiplicities (1,1,1,1) by Lemmas [57| 
and [59l It follows that Ti is contained in the end sets of the hnitely 
many end components Ei,... ,Es of U 3 on which the multiplicities re¬ 
main (1,1,1,1). Let W be the union of Oi above and Ei ,..., Eg. (Oi 
is the union of neighborhoods of points of multiplicities (1,1,2). We 
make sure each of these neighborhoods is so small that its intersec¬ 
tion with is contained in the end components Ei,..., Eg.) Then 
W r\Q consists of only points of multiplicities (1,1,1,1), and moreover 
contains open sets Ei,... ,Eg whose union is dense in W. 

Similarly, the same conclusion is true for points of multiplicities 

( 2 . 1 . 1 ) and ( 1 , 2 , 1 ) in with U 3 replaced by Ui and U 2 , respec¬ 
tively. Hence, M is algebraic. □ 


Remark 64. In fact, the proof of (I) and (H)(a) are the same as that of 
(H)(b) in a hidden way. For (H)(a), is the set of points with mul¬ 
tiplicities (1, 3), (3,1) or (2, 2), which coincides with S, so that the set 
\ S' = 0, and the local hniteness condition is automatically satished 
on \ S. Similarly for (I), we have = S, which is the set of points 
with multiplicities (1,2) or (2,1). 
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Recall that an embedding f : M ^ R"" is said to be substantial if 
the image of / does not lie in any affine hyperplane in R"^. 

Theorem 65. Let M be a compact taut m-dimensional submanifold in 
Sn If m < A, then M is algebraic. 

Proof. Banchoff [1] showed that a tant compact 1-dimensional snbman- 
ifold of S'^ mnst be a metric circle in S'^, which is certainly algebraic. 
In the same paper, he also showed that if M is a tant compact 2- 
dimensional snrface snbstantially embedded in S'”, then M is a metric 
2-sphere, a cyclide of Dnpin in S^, or a spherical Veronese snrface 
V C S‘^. All of these surfaces are algebraic. 

Next let M be a compact taut 3-dimensional submanifold of codi¬ 
mension fc-l-l in S'” C Without loss of generality, we may assume 

that M is substantially embedded in We want to consider the 

tube Me of radius e > 0 over M in S'”, where e is sufficiently small so 
that Mg is an embedded hypersurface in S'”. By a theorem of Pinkall 
[19], we know that is a taut hypersurface in S'”. We can parametrize 
Me by the map 0e : UN{M) —> S'”, where UN{M) is the unit normal 
bundle of M in S'”, given by 

= cosex + sine^, 

where is a unit normal vector to M at x. Then 

?7 = — sin ex -|- cos ef, 

is a unit normal vector to the tube Me at the point y = In 

|ni pp. 131-132] a formula is given for the principal curvatures of the 
shape operator of Me at y in terms of the shape operator of M 
at X. There it is shown that A^ has a principal curvature /xq = cot(—e) 
of multiplicity k and principal curvatures 

/ij = cot(6'j — e), 1 < f < 3, 

where A* = cot^j, 1 < i < 3, for 0 < 03 < 6^2 < 6^1 < vr, are the prin¬ 
cipal curvatures of A^ at x. Thus each fii,l < i < 3, has the same 
multiplicity as the corresponding A*. Therefore, on Me the multiplici¬ 
ties of the principal curvatures must take the form [k, 1 , 1 , 1 ), [k, 1 , 2 ) 
or (/c, 2,1). Note that (fc, 3) is not possible, for then A^ would have a 
principal curvature of multiplicity 3 at x, i.e., all the principal curva¬ 
tures of A^ would be equal at x. Then, if p is the hrst focal point along 
the normal geodesic in S'” from x in the direction f, tautness implies 
that the height function ip must have both an absolute maximum and 
an absolute minimum at x (see [HI Lemma 1.24, p. 122]). Thus all of 
M lies in in hyperplane in R”"*"^ orthogonal to p. This contradicts the 
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assumption that M is substantial in and so the multiplicities 

(fc, 3) cannot occur on M^. 

As in the 3-dimensional hypersurface case in Theorem [63l multiplic¬ 
ities (fc, 1,2), respectively, (fc, 2,1), cannot exist on open sets in M^, 
unless the multiplicities have the constant values (1,2), respectively, 
(2,1), on the unit normal bundle UN{M) of M. In that case, the tube 
Me is a proper Dupin hypersurface, and so and M are algebraic 
by Theorem [371 Hence, the only remaining case is when multiplicities 
have the values (1,1,1) on a dense open subset of UN{M). 

Then another application of the Mayer-Vietoris sequence applied to 
the sets and for the tube shows that the generic mul¬ 

tiplicities {k, 1,1,1) exist on only hnitely many connected components. 
Thus, Mg satishes the local hniteness property and is algebraic, and so 
M is algebraic by Theorem [371 

Suppose now that M is a compact taut 4-dimensional submanifold 
substantially embedded in S'"’ C with codimension /c -|- 1 in S". 

By the same construction as above, the possible multiplicities on Mg 
are 

(fc, 1,1,1,1), {k, 1,1, 2), (fc, 1, 2,1), (fc, 2,1,1), {k, 1, 3), (fc, 3,1), (fc, 2, 2). 

Then the same arguments used to prove Lemma [62l and Theorem [631 
(II) can be applied here by just adjoining the multiplicity k at the 
beginning, and thus we conclude that Mg is algebraic, and so M is 
algebraic. 

□ 
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